It is argued that at the small coupling limit (g 1) of pure U(1) lattice gauge theories the lowest energy behaves as E 0 ∝−g 2 while the higher ones as E k =0 ∝g 2 . The behavior is based on the Ostrogradsky construction for Hamiltonian formulation of theories with higher-order time-derivatives, applied to the continuum limit of lattice theories. Among the normalizations of the form 1/g α in the definition of the transfer-matrix of 1+1 dimensional theory only the choice α = 1 is compatible with the expected behaviors.
The numerical and theoretical studies of gauge theories at strong coupling limit are largely grounded on lattice formulation of gauge theories [1] [2] [3] [4] . By now there are both numerical [5] [6] [7] [8] [9] [10] [11] [12] and theoretical [13] [14] [15] [16] [17] indications that U(1) gauge theory can exhibit two phases, known as the Coulomb and the confined ones. The studies suggest that the transition between two phases occurs at a critical coupling around unity [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] .
The main concern of the present work is the significance of the normalization factor in the definition of the transfer-matrix of lattice gauge theories. It is known that although the energy differences are unaffected by changing the transfer-matrix normalization, each energy level is quite dependent on it. As the standing point we consider the energy spectrum by the continuum limit of lattice theory at leading and next-to-leading orders of the lattice spacing parameter. In the mentioned orders the action contains 2nd order derivative of time, and the Hamiltonian formulation is known to be due to Ostrogradsky [18, 19] . In particular, we consider the 1+1 dimensional lattice theory by which, as the exact eigen-functions are available [20] , the comparison between the energy levels at the continuum limit and those by tuned normalization is possible. Interestingly, it is found that at the small coupling limit g 1 the lowest energy has the decreasing behavior E 0 ∝ −g 2 while the higher energies are increasing as E k =0 ∝ g 2 . Based on the mentioned behaviors it is immediately understood that the constant normalization is not compatible. In fact among the normalizations of the form 1/g α we will see that only the one with α = 1 is acceptable. As the present analysis is based on the Ostrogradsky theorem for theories with higher-order times-derivatives, it is expected that similar tunings of the normalization factor for lattice theories in higher dimensions are to be considered.
The 1+1 dimensional pure U(1) lattice gauge theory is defined in the temporal gauge A 0 ≡ 0 by the action [1, 20 ]
in which n 0 and n are labeling lattice links in time and spatial directions, respectively. In above" a " is the lattice spacing parameter and g is the dimensionless gauge coupling. By the expression (1) it is obvious that the model is fully separable to the contributions from each spatial link [20] , by the Euclidean action:
The continuum limit is obtained by a → 0, leading to the following replacements
by which the action (2) comes to the form, as expected
Back from imaginary time to the real one, the canonical momentum is defined
The Hamiltonian is given by
by which the lowest energy obviously is zero. By the fact −π/a ≤ A ≤ π/a, in the quantum theory the momentum takes the discrete values
leading to the energy spectrum for the spatial link
It is crucial to demand for the following finite ratio
by which g 2 /a → 0, as required for a finite continuous spectrum in the limit a → 0. Also the approximations (3) and (4) suggest
in which η is a dimensionless number of order one. Now let us go beyond the leading order in the continuum limit. It is convenient to define the dimensionless angle variables as follow [1] :
with −π ≤ θ ≤ π. By keeping the next-leading term in the continuum limit, we have
by which, after dropping the surface terms and coming back from imaginary time to the real one, we find
The above action consists the 2nd order time-derivative. The Hamiltonian formulation of theories with higher order derivatives is due to Ostrogradsky [18, 19] . Accordingly the phase space variables are defined as [18, 19] :
by which the following canonical relations hold
Provided the Hamiltonian is defined as follows
the 4th-order equation of motion is recovered
in which the last term vanishes as the Lagrangian does not depend explicitly on θ, leading to conserved p 1 of (18). Also as the Lagrangian does not explicitly depend on time, the energy E is represented by the Hamiltonian, and is conserved [18, 19] . For the present case we find explicitly
As both p 1 and E are conserved, they are determined by the initial conditions:
In the quantum theory due to −π ≤ θ ≤ π, the conjugate momentum is to be integervalued, p 1 = k with k ∈ Z. By the square of p 1 one can replace the combination ofθ ... θ in the energy expression, leading to
in which the first term matches to the leading order result (10). It is apparent byθ 4 term in (27) that the lowest possible energy is negative. The well known fact about theories with higher order time-derivatives, known as Ostrogradsky theorem, is that the energy is unbounded from below [18, 19] . In fact by (27) the main question is not about the appearance of negative lowest energy, but is about whether the theory with higher derivatives might be safe against infinite negative energies. In the present case, however, there is no place to worry about the infinite negative energies, as by now there are rigorous theorems [21, 22] as well as a large number of numerical results by which it is a matter of certain that the lattice gauge theories are well-defined. The key point against the Ostrogradsky theorem in the present case is the domain of validity of approximation in the continuum limit, by which we already have the upper limit (12), by means ofθ it iṡ
in which η is dimensionless number of order one. By (27) and for the fixed k the lowest possible energy is obtained by the initial condition
by which the positive termθ 2 is absent. By the limit (28) the minimum energy at fixed p 1 = k is then given by
in which the second term is recognized as the first correction to (10) . By above we are safe against the Ostrogradsky theorem by the bounded from below lowest energy by k = 0
The remarkable fact by (30) is about the slopes at the limit g
The most important point by the above behaviors is that, as by (31) a spectrum bounded from below requires that at sufficiently larger g's the slope of E 0 would stay positive.
Provided that E 0 is a smooth function, there should be a minimum at which the sign of derivative changes.
We will see later that in fact the existence of such minimum is the case once the proper normalization is used. Apart from the opposite signs of the derivatives, the ratio of slopes by (32) and (33) is expected to be small:
which is confirmed by the proper normalization to be chosen later. Now back to the original lattice theory, the spectrum is given by means of the transfermatrix. The transfer-matrix V is defined by its matrix elements between two adjacent times n 0 and n 0 + 1 by means of the full Euclidean action (1) [1, 20] 
in which N s is the number of spatial links. In above A is the normalization pre-factor whose significance is the main concern of the present work. According to the recipe, by V = exp(−a H), the eigenvalues of the Hamiltonian and the transfer-matrix are related:
Again it is sufficient to consider only the spectrum by a spatial link, given by
The above transfer-matrix is proposed in [23] as a spin-chain model for the worldline of magnetic monopoles with the effective mass ∝ 1/(a g 2 ). It is known that the transfermatrix and the Hamiltonian are diagonal in the plane-wave Fourier basis [20, 23] :
Using the identity for I n (x) as the modified Bessel function of the first kind
and the relation
one directly finds the matrix elements of V link in the Fourier basis [24] k
by which and (37) the energy of a link is given by:
By the relation between Bessel functions I 0 > I k =0 , the ground-state is by k = 0 [20] .
As mentioned earlier, (43) shows that the energy difference E k − E k is not affected by changing A. By the energy spectrum (10) and (30) based on the continuum limit one may try to fix the normalization. To compare the spectrum by the transfer-matrix method with the continuum limit result one needs the g → 0 limit of (43). By the asymptotic behavior for large arguments of Bessel functions [23] , we have
One choice for the normalization is the constant g-independent one [20] , by which it is easy to see:
Both of above behaviors do not match by the results (10), (30), (32) and (33) in the continuum limit. In fact the mismatch in values can simply be removed by a global infinite-shift of all energy levels. However the inconsistencies with the derivatives of the continuum limit results (32) and (33) are fundamental and can not be removed simply by a global shift. As an alternative choice one may consider the following in which g * = 1.125. We see that the above choice is consistent both in values and in derivatives with the expectations from continuum limit by (10), (32) and (33). It is a matter of exercise to check the consequences by the choice
by which we have α < 1 :
and α > 1 :
The above behaviors show that the choice α = 1 by (46) is the only one by which the signs of slopes by E 0 and E k =0 are different, consistent with the continuum limit results (32) and (33). The few energy levels by (46) are plotted in Fig. 1 . Besides the sign of derivatives, we see that the expected minimum in E 0 and the relatively larger slopes of excited states with respect to E 0 for g 1 are consistent with (34) and (35), respectively. As the present analysis is based on the Ostrogradsky theorem for theories with higherorder times-derivatives, it is expected that similar tunings of the normalization factor for lattice theories in higher dimensions are to be considered. By the consistent normalization (46) we find for the famous η in (30)-(33) and (35) the value η = 6 1/4 1.57.
